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Motivation: Quantum Entropy

m Entropy of quantum states p4 on Hilbert spaces H 4 [von Neumann 1927]:

H(A), := —tr[palogpa] . (1)

m Strong subadditivity (SSA) of tripartite quantum states on Ha ® Hp ® Hc from
matrix trace inequalities [Lieb & Ruskai 1973]:

H(AB), + H(BC), > H(ABC), + H(B), . 2)

m Generates all known mathematical properties of quantum entropy, manifold
applications in quantum physics, quantum information theory, theoretical computer
science etc.

m This talk: entropy for quantum systems, strengthening of SSA from multivariate
trace inequalities.
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Motivation: Quantum Entropy

m Entropy of quantum states p4 on Hilbert spaces H 4 [von Neumann 1927]:

H(A), := —tr[palogpa] . (1)

m Strong subadditivity (SSA) of tripartite quantum states on Ha ® Hp ® Hc from
matrix trace inequalities [Lieb & Ruskai 1973]:

H(AB), + H(BC), > H(ABC), + H(B), . 2)

m Generates all known mathematical properties of quantum entropy, manifold
applications in quantum physics, quantum information theory, theoretical computer
science etc.

m This talk: entropy for quantum systems, strengthening of SSA from multivariate
trace inequalities.

m Mark Wilde at 4pm: Universal Recoverability in Quantum Information.
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Entropy for quantum systems

Entropy for classical systems

m Entropy of probability distribution P of random variable X over finite alphabet [Shannon 1948,
Rényi 1961]:

H(X)p:=—>»_ P(x)log P(z), with P(z)log P(z) = 0 for P(z) = 0. (3)
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Entropy for quantum systems

Entropy for classical systems

m Entropy of probability distribution P of random variable X over finite alphabet [Shannon 1948,
Rényi 1961]:

=— Z P(x)log P(x), with P(x)log P(x) = 0 for P(z) = 0. (3)

m Extension to relative entropy of P with respect to distribution @ over finite alphabet,

D(P|Q) := Y P(x)log g Ez; [Kullback & Leibler 1951], @)

where P(z) log P(z; = 0 for P(z) = 0 and by continuity +oco if P & Q.
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Entropy for quantum systems

Entropy for classical systems

m Entropy of probability distribution P of random variable X over finite alphabet [Shannon 1948,
Rényi 1961]:

=— Z P(x)log P(x), with P(x)log P(x) = 0 for P(z) = 0. (3)

m Extension to relative entropy of P with respect to distribution @ over finite alphabet,

D(P|Q) := Y P(x)log g Ez; [Kullback & Leibler 1951], ()

ggi; =0 for P(z) = 0 and by continuity +oco if P & Q.

m Multipartite entropy measures are generated through relative entropy, e.g., SSA:

where P(z) log

H(XY)p+ H(YZ)p > HXYZ)p + H(Y)p equivalent to (5)
D(-PXYZ”UX X Pyz) > D(-PXY”UX X Py) with Ux uniform distribution. (6)
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Entropy for quantum systems

Entropy for classical systems

m Entropy of probability distribution P of random variable X over finite alphabet [Shannon 1948,
Rényi 1961]:

= Z P(z)log P(x), with P(x)log P(z) = 0 for P(z) = 0. 3)

m Extension to relative entropy of P with respect to distribution @ over finite alphabet,

D(P|Q) := Y P(x)log g Eg [Kullback & Leibler 1951], ()

where P(z) log P(z; = 0 for P(z) = 0 and by continuity +oo if P £ Q.

m Multipartite entropy measures are generated through relative entropy, e.g., SSA:

HXY)p+H(YZ)p > H(XYZ)p+ H(Y)p equivalentto (5)
D(PXYZ”UX X Pyz) > D(PXY”UX X Py) with Ux uniform distribution. (6)

m Monotonicity of relative entropy (MONO) under stochastic matrices V:

D(P||Q) = D(N(P)|IN(Q)) - @)
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Entropy for quantum systems

Entropy for quantum systems

m The entropy of p4 € S(H 4) is defined as:

H(A), = —tr[palogpa]l = =Y _ Azlog Az [von Neumann 1927]. (8)
xT

m Question: what is the exiension of the relative entropy for quantum states [p, o] # 0?
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Entropy for quantum systems

m The entropy of p4 € S(H 4) is defined as:

H(A), = —tr[palogpa]l = =Y _ Azlog Az [von Neumann 1927]. (8)
xT

m Question: what is the exiension of the relative entropy for quantum states [p, o] # 0?
m Commutative relative entropy for p, o € S(H) defined as

Dk (pl|lo) := sup D(M(p)||M(c)) [Donald 1986, Petz & Hiai 1991], 9)
M

where M € CPTP(H — H’) und Bild(M) C M C Lin(H’), M commutative subalgebra.
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Entropy for quantum systems

Entropy for quantum systems

m The entropy of p4 € S(H 4) is defined as:

H(A), = —tr[palogpa]l = =Y _ Azlog Az [von Neumann 1927]. (8)
x

m Question: what is the exiension of the relative entropy for quantum states [p, o] # 0?
m Commutative relative entropy for p, o € S(H) defined as

Dk (pl|lo) := sup D(M(p)||M(c)) [Donald 1986, Petz & Hiai 1991], 9)
M

where M € CPTP(H — H’) und Bild(M) C M C Lin(H’), M commutative subalgebra.
m The quantum relative entropy is defined as

D(pllo) = tr[p(log p — log )]  [Umegaki 1962]. (10)

m Monotonicity (MVONO) for p,o € S(H) and V' € CPTP(H — H'):
D(plle) > DN (p)|IN (o)) [Lindblad 1975]. (11)
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Entropy for quantum systems

Entropy for quantum systems |l

Theorem (Achievability of relative entropy, B. et al. 2015)

For p,o € S(H) with p,o > 0 we have

Dk (pllo) < D(pl|lo) with equality if and only if [p, o] # 0. (12)
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Entropy for quantum systems

Entropy for quantum systems |l

Theorem (Achievability of relative entropy, B. et al. 2015)

For p,o € S(H) with p,o > 0 we have

Dk (pllo) < D(pl|lo) with equality if and only if [p, o] # 0. (12)

Lemma (Variational formulas for entropy, B. et al. 2015)

For p,o € S(H) we have
Dk (p|lo) = sup tr [plogw] — log tr [ow] (13)
w>0

D(pl||o) = sup tr [plogw] — log tr [exp (log o + logw)] [Araki ?, Petz 1988]. (14)
w>0

m Golden-Thompson inequality:

tr [exp(log My + log M2)] < tr[My M3]. (15)
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Entropy for quantum systems

Entropy for quantum systems |l

Theorem (Achievability of relative entropy, B. et al. 2015)

For p,o € S(H) with p,o > 0 we have

Dk (pllo) < D(pl|lo) with equality if and only if [p, o] # 0. (12)

Lemma (Variational formulas for entropy, B. et al. 2015)

For p,o € S(H) we have
Dk (p|lo) = sup tr [plogw] — log tr [ow] (13)
w>0

D(pl||o) = sup tr [plogw] — log tr [exp (log o + logw)] [Araki ?, Petz 1988]. (14)
w>0

m Golden-Thompson inequality:
tr [exp(log My + log M2)] < tr[My M3]. (15)

m Proof: new matrix analysis technique asymptotic spectral pinching (see also [Hiai & Petz
1993, Mosonyi & Ogawa 2015]).
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Asymptotic spectral pinching [B. et al. 2016]

m A > 0 with spectral decomposition A = 3", APy, where X € spec(A) C R eigenvalues and
P, orthogonal projections. Spectral pinching with respect to A defined as

Pa:X>0— > PXPy. (16)
A€spec(A)
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Asymptotic spectral pinching [B. et al. 2016]

m A > 0 with spectral decomposition A = 3", APy, where X € spec(A) C R eigenvalues and
Py orthogonal projections. Spectral pinching with respect to A defined as

Pa:X>0— > PXPy. (16)
A€spec(A)

(i) [Pa(X),A] =0 (i) tr [Pa(X)A] = tr [XA] (i) Pa(X) > |spec(A)|_1 - X
(iv) [spec (A ® - -- ® A)| = |spec (A®™)| < O(poly(m)). (17)
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Asymptotic spectral pinching [B. et al. 2016]

m A > 0 with spectral decomposition A = 3", APy, where X € spec(A) C R eigenvalues and
Py orthogonal projections. Spectral pinching with respect to A defined as

Pa:X>0— > PXPy. (16)
A€spec(A)

(i) [Pa(X),A] =0 (i) tr [Pa(X)A] = tr [XA] (i) Pa(X) > |spec(A)|_1 - X
(iv) [spec (A ® - -- ® A)| = |spec (A®™)| < O(poly(m)). (17)

= Golden-Thompson inequality:

1
log tr [exp(log A + log B)] = — log tr [exp (log A®™ 4 log B®m)] (18)
m
1 1
< 1 log tr [exp (log A®™ L log P y@m (B®m))] + log poly(m)
m m
(19)
1 1
= L ogtr [ABP g, (BEMY] 4 0BPOVM) (20)
m m
1
— log tr[4B] + 2PV @1)
m
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Entropy for quantum systems

Entropy for quantum systems |l

m The right extension for applications is Umegaki’s D(p||o) = tr [p (log p — log &)]. Intuition
chain rule [Petz 1992] with SSA:

H(AB), + H(BC), > H(ABC), + H(B), equivalentto (22)
. 1a

>D th = —. 23

D(papcllta ® ppc) > D(papliTa ® pp) with 74 G () (23)
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m The right extension for applications is Umegaki’s D(p||o) = tr [p (log p — log &)]. Intuition
chain rule [Petz 1992] with SSA:

H(AB), + H(BC), > H(ABC), + H(B), equivalentto (22)
. 1a

>D th = —. 23

D(papcllta ® ppc) > D(papliTa ® pp) with 74 G () (23)

= All known mathematical properties from MONO:

D(pllo) > DN (p)|N(c)) = strengthening of MONO/SSA? (24)
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Entropy for quantum systems

Entropy for quantum systems ||

m The right extension for applications is Umegaki's D(p||o) = tr [p (log p — log )]
chain rule [Petz 1992] with SSA:

H(AB), + H(BC), > H(ABC), + H(B), equivalentto
1a

. Intuition

D(papcllta ® ppc) > D(pagllTa ® pp) WithTs = —F——.

dim(Ha)
= All known mathematical properties from MONO:
D(pllo) > DN (p)|N(c)) = strengthening of MONO/SSA?
m Equality conditions MONO [Petz 1986]:

(22)
(23)

(24)

Let p,o € S(H) with p < o and N € CPTP(H — H'). Then, we have
D(pllo) = DIN(p)IIN (o)) =0
if and only if there exists R, »r € CPTP(H’ — H) such that

RonNoN(p)=p und RopnoN(c)=o0.

(25)

(26)

The quantum operation R s is not unique, but can be chosen independent of p.
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Entropy for quantum systems

Strong monotonicity (sSMONO)

Theorem (Strong monotonicity (sSMONO), B. et al. 2016)

For the same premises as before, we have

D(pllo) = DIN(p)IN () = Dk (plRo.n 0 N(p)) ,

(27)
Wlth 14t 14t 1—it 1 =1ir
Ronr(+) i= [ dt Bo(t)o 2 Nt (N(a)_ T ()N(e)” 2 )0' 2 € CPTP(H — H)
and Bo(t) := Z (cosh(mt) + 1)~ "

m Previous work: [Winter & Li 2012, Kim 2013, B. et al. 2015, Fawzi & Renner 2015, Wilde
2015, Junge et al. 2015, Sutter et al. 2018].
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Strong monotonicity (SMONO)

Theorem (Strong monotonicity (sSMONO), B. et al. 2016)

For the same premises as before, we have

D(pllo) = DN (p)IN (o)) > Dk (plRo,n 0 N(p)), (27)
Wlth 1+t 1+t 1—it 1—it
Ron(+) = [, dt Bo(t)o~ = Nt (N(a)— 5 (ON(o)” 2 )a 2" € CPTP(H' — H)

and Bo(t) := % (cosh(nt) + 1)~ L

m Previous work: [Winter & Li 2012, Kim 2013, B. et al. 2015, Fawzi & Renner 2015, Wilde
2015, Junge et al. 2015, Sutter et al. 2018].

m Special case SSA (sSSA), becomes an equality in the commutative case:

D(papcllta ® ppc) — D(paBllta ® pB) > Dk (paBc|l (Za ® Re—pc) (paB)) »
(28)

) 14it _ 1t _1-it 1t
with Rg_,po(-) = [70_dt Bo(t)ppd ((pB 2 (pg 2 ) ® lc) ppé& »Where
Rppc € CPTP(Hp — Hp ® He).
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Proof SSA

m Following [Lieb & Ruskai 1973] we have with Klein’s inequality

D(papcllta ® pec) — D(paglTa ® p) = D (pascllexp (log pap — log pp + log pc))
(29)

>tr[papc —exp (logpap —logpp +logppc)]
(30)

We could conclude SSA if trexp(log pap — logpr + logppe)| < 1.
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Proof SSA

m Following [Lieb & Ruskai 1973] we have with Klein’s inequality

D(papcllta ® pec) — D(paglTa ® p) = D (pascllexp (log pap — log pp + log pc))
(29)

>tr[papc —exp (logpap —logpp +logppc)]

(30)

We could conclude SSA if trlexp(logpap — logpp +logppe) < 1.
m Golden-Thompson tr [exp(log M7 + log M2)] < tr[M;Ma] to Lieb’s triple matrix inequality:

oo
tr [exp(log My — log Ma + log M3)] < / X tr [Ml (M +\)~! M3 (M + )\)’1]
0

[Lieb 1973]. (31)
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Proof SSA

m Following [Lieb & Ruskai 1973] we have with Klein’s inequality

D(papcllta ® ppc) — D(pagliTa ® pp) = D (papcllexp (logpap —logpp +log ppc))
(29)

>tr[papc —exp (logpap —logpp +logppc)]

(30)

We could conclude SSA if trlexp(logpap — logpp +logppe) < 1.
m Golden-Thompson tr [exp(log M7 + log M2)] < tr[M;Ma] to Lieb’s triple matrix inequality:

oo
tr [exp(log My — log Ma + log M3)] < / X tr [Ml (M +\)~! M3 (M + )\)’1]
0

[Lieb 1973]. (31)

m Proof SSA with M := pap, M2 := pg, M3 := pgc and fooo dA m(x + )\)_2 =1. [J
m |dea: for sSSA start with the variational formula

D(papcllta ® ppc) — D(paBlTa ® pB)

= sup trlpapclogwapc]—logtr|exp (logpap —logpp +logppe +logwapc) .
waBc>0
(32)
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Multivariate trace inequalities

Multivariate trace inequalities

Theorem (Multivariate Golden-Thompson, B. et al. 2016)

Letp > 1,n €N, and {Hy }?_, be a set of hermitian matrices. Then, we have

k=1

, (33)
P

log T exp (0 +it) Hy)

k=1

< ~at Bo(t) log
o

where || M|, == (tr [(MTM)W])”” with Bo(t) := % (cosh(t) + 1)~ L.
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Multivariate trace inequalities

Multivariate trace inequalities

Theorem (Multivariate Golden-Thompson, B. et al. 2016)

Letp > 1,n €N, and {Hy }?_, be a set of hermitian matrices. Then, we have

k=1

log s (33)

P

H exp ((1 + 4t)Hy)
=il

< [7 at po(t) 108
o

where | M]|,, := (tr [(MfM)W])”” with Bo(t) := T (cosh(mt) + 1)1

m Proof based on Lie-Trotter expansion exp (35_; Hk) = limy—o0 ([Th_y exp(’r‘Hk))l/r
extension of [Araki-Lieb-Thirring 1976/1990]:

Lemma (Multivariate Araki-Lieb-Thirring, B. et al. 2016)

Letp > 1,r € (0,1], n € N, and { My }}!_, be a set of positive matrices. Then, we have

n 1/r 0o n
tog ||| T Mz < / dt (1) log || T M2+ (34)
k=1 . - k=1 P
With By (1) = () o
i ' 2r(cosh(mt)+cos(nr))”
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Multivariate trace inequalities

Complex interpolation theory

m Strengthening of Hadamard's three line theorem [Hirschman 1952]:

LetS :={z € C:0 < Re(z) <1}, g: S — Cbe uniformly bounded on .S, holomorph
in the interior of S, and continous on the boundary. Then, we have for » € (0, 1) with

L in(7r) .
BT(t) T 2r(coshs(7rt)+cos(7rr)) that:

log g(r)] < /_  dt 1 (t)log lg(it)| 1" + Br(t) log lgL + )" (35)

< suplog |g(it)|* =" + suplog [g(1 + it)|" . (36)
t t
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Multivariate trace inequalities

Complex interpolation theory

m Strengthening of Hadamard's three line theorem [Hirschman 1952]:

LetS :={z € C:0 < Re(z) <1}, g: S — Cbe uniformly bounded on .S, holomorph
in the interior of S, and continous on the boundary. Then, we have for » € (0, 1) with

L in(7r) .
/BT(t) T 2r(coshs(7rt)+cos(7rr)) that:

log g(r)] < /_  dt 1 (t)log lg(it)| 1" + Br(t) log lgL + )" (35)

< suplog |g(it)|* =" + suplog [g(1 + it)|" . (36)
t t

m Steininterpolation for linear operators [Beigi 2013, Wilde 2015, Junge ef al. 2015]:

LetS={z€C:0<Re(z) <1}and G : S — Lin(#) be holomorph in the interior
of S and continous on the boundary. For pg,p1 € [1,00], r € (0, 1), define p, with
1/pr = (1 =7)/po +1/p1. If 2= ||G(2)||pge(., is uniformly bounded on S, then we
have for 3, (t) as above:

108 G, < [ dt (B (®)10g |Gl + Br (1) log |G + D), )
(37)
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Multivariate trace inequalities

Proof of multivariate trace inequalities

Lemma (Multivariate Araki-Lieb-Thirring, B. et al. 2016)

Letp > 1,r € (0,1], n € N, and { My }}!_, be a set of positive matrices. Then, we have

/ dt Br(t) log HM1+“

log

I1 Mk
k=1

P
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Multivariate trace inequalities

Proof of multivariate trace inequalities

Lemma (Multivariate Araki-Lieb-Thirring, B. et al. 2016)

Letp > 1,r € (0,1], n € N, and { My }}!_, be a set of positive matrices. Then, we have

/ dt Br(t) log HM1+“

log

I1 Mk
k=1 ®
m Proof: Use Stein-Hirschman for 1/p, = (1 — r)/po + r/p1:
log [G(r)]l,,, < / at (1 () og |Gt) 3, + Br(®) log [GL+iD)llp, ) . (39)
and choose

n n
G(z) := H M = H exp(zlog My) sowie pg:= o0, p1:=p, pr = g (40)
k=1 k=1

For positive matrices Mj,, M}* becomes unitary, log || - ||}Dgr in (39) becomes zero, and (38)
follows. [
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Multivariate trace inequalities

Proof of multivariate trace inequalities

Lemma (Multivariate Araki-Lieb-Thirring, B. et al. 2016)

Letp > 1,r € (0,1], n € N, and { My }}!_, be a set of positive matrices. Then, we have

/ dt Br(t) log HM1+“

log

I1 Mk
k=1

P

m Proof: Use Stein-Hirschman for 1/p, = (1 — r)/po + r/p1:
log [G(r)]l,,, < / at (1 () og |Gt) 3, + Br(®) log [GL+iD)llp, ) . (39)
and choose

n n
G(z) := H M = H exp(zlog My) sowie pg:= o0, p1:=p, pr = g (40)
k=1 k=1

For positive matrices Mj,, M}* becomes unitary, log || - ||}Dgr in (39) becomes zero, and (38)
follows. [

m Multivariate Golden-Thompson from Lie-Trotter expansion.
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Proof of sSSSA/sMONO

m The proof of sSSA follows from multivariate Golden-Thompson for p = 2 and n = 4:

tr [exp(log M1 — log M2 + log M3 + log M4)]

g/dt Bo(t)tr [MlM2—(1+it)/2M§1+it)/2M4M§1—it)/2M2—(1—it)/2:| @)

Remark: Lieb’s triple matrix inequality is a relaxation of the case p = 2 and n = 3!
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Proof of sSSSA/sMONO

m The proof of sSSA follows from multivariate Golden-Thompson for p = 2 and n = 4:

tr [exp(log M1 — log M2 + log M3 + log M4)]

g/dt Bo(t)tr [MlM2—(1+it)/2M:§1+it)/2M4M§1—it)/2M2—(1—it)/2:| @)

Remark: Lieb’s triple matrix inequality is a relaxation of the case p = 2 and n = 3!
m Proof: Choose M1 := pap, Ms := pp, M3 := ppc, My := wapc, and thus

D(papcllta ® pec) — D(paglita ® pg) = D (papcllexp (log pap — log pp +logppc))

(42)
= sup tripapclogwapc]—logtriexp (logpap —logpr +logppe +logwapc)]
wapc >0
(43)
- 14+it _ 1+it 1—it 14t
> sup tr [PABC 1OgL’JABC] - /d[ ji)([)](:’g“' {W_\lf("/—’/—;?' PB PABPRB ; /),L;?’
wapc>0 .
(44)
14t _ 1+it 1t 14it
> Dk (pABcH/dt Bo()ppé pg > paBpg ° P > (45)
= Dk (paBcllRe—Bc(paB)) O (46)
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Conclusion

Conclusion
m Strengthened entropy inequalities (sSSSA/sMONO) through multivariate trace

inequalities: asymptotic spectral pinching, complex interpolation theory with
Stein-Hirschman.
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m Strengthened entropy inequalities (sSSSA/sMONO) through multivariate trace
inequalities: asymptotic spectral pinching, complex interpolation theory with
Stein-Hirschman.

= More multivariate trace inequalities [Hiai et al. 2016]? For example extension of
complementary Golden-Thompson:

tr[M1#Ms] < tr[exp(log M1 + log M2)] < tr[M1M>] [Hiai & Petz 1993]. (47)

1/2

with matrix geometric mean M; #M, := M,/? (Mf1/2M2Mfl/2) M2
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complementary Golden-Thompson:

tr[Mi#Ms] < tr [exp(log My + log M>)] < tr[M1 M) [Hiai & Petz 1993]. (47)

1/2
with matrix geometric mean M; #M, := M,/? (Mfl/zMngl/Q) M2
= Improving on [Dupuis & Wilde 2016], tight upper bound for SSA ? Conjecture:

Dk (pasclloac) < D(pascllpsc) — D(pag|lpr) < Ds (paBclloasc) ,
(48)

with TABC ‘= (IA X RB*}BC) (pAB) and [Belavkin & Staszewski 1982]

Dic(pllo) < Dipllo) < Dilpllo) := tr [plog (0?0 p*)] . (49)
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m Mark Wilde at 4pm: Universal Recoverability in Quantum Information.
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